In this study, the virtual flux method (VFM) proposed by the authors was applied to the seamless calculation of heat fluid flow and heat conduction inside solid bodies. Flows both inside and around circular cylinders are calculated as examples. The estimated Nusselt numbers of the cylinder surfaces, which are calculated by the VFM, are compared with both numerical and experimental results obtained by other researchers. In order to show that the accuracy of the VFM is high, an exemplified seamless calculation of heat fluid flow and heat conduction inside a solid cylinder, which is an advantage of the VFM, are also performed.
Introduction
Recently, energy problems including environmental problems have attracted worldwide interest, so that studies of calculation methods for heat fluid flows that can be applied to calculation of heat exchangers are crucial. Typical heat exchangers have complex shapes to have high heat transfer efficiency. Since traditional techniques such as the profile method, which estimate temperature distribution, can be used only for simple-shape elements and flow fields, most designers of heat exchangers are trying to use computational fluid dynamics (CFD) accurately to estimate the efficiency of heat exchangers and pressure loss. CFD provides what information even without performing actual experiments; however, it requires user's knowledge or experiences about grid generation because the accuracy of calculation highly depends on the quality of the computational grid, particularly for flow around or inside complex shapes.
To reduce the difficulty in grid generation, studies of Cartesian grid methods have become one of the current interest in CFD. The cut-cell method (1) , immersed boundary method (IBM) (2) , (3) , and virtual boundary method (VBM) (4) are popular Cartesian grid methods. In addition, some researchers are trying to use the ghost fluid method (5) or boundary condition capturing method (6) , either of which is a method of calculating multiphase flow on a Cartesian grid.
Although its ease of implementation is a great advantage of the IBM, which imposes only a no-slip boundary condition on body surfaces, the IBM tends to smoothly capture the interface of fluid and bodies that should be sharply captured. These characteristics make the IBM not suitable to predicting the shear stress of fluid near bodies and heat flux on body surfaces. Recently, Pacheco et al. (7) have shown the application of the IBM to the calculation of natural convection flow inside a 2-D cavity, although we seldom see valid applications of IBM to the calculation of heat fluid flow particularly under the Neumann boundary condition at temperature. To solve these current issues of CFD, we proposed the virtual flux method (VFM) that uses virtually calculated numerical fluxes to impose both a no-slip boundary condition and a pressure boundary condition on body surfaces. This method is proved to be valid by exemplified calculations of flow around circular cylinders. It was suggested that the VFM sharply captures body surfaces, and correctly calculates flows both inside and outside body surfaces (8) . These characteristics of the VFM enable us to perform a seamless calculation of heat fluid flow and heat conduction inside solid bodies, so that phenomena inside complex-shape heat exchangers can be seamlessly calculated on a simple Cartesian grid. Yamamoto (9) and Shirazaki and Himeno (10) reported a seamless calculation of heat fluid flow and heat conduction inside bodies using a boundary fitted coordinate method; however, it is difficult to perform such a calculation by most IBMs.
Governing Equations and Discretization

1 Governing equations
Since working fluid is supposed to be incompressible air, we use incompressible Navier-Stokes equations as governing equations. To numerically solve such equations, we employed the pseudo-compressibility method (11) which uses pseudo-compressibility Navier-Stokes equations as governing equations. These equations have pseudo-time derivatives that become zero if we get a converged solution, which is obtained at each physical time step; therefore, solution by these equations become completely the same as those by incompressible Navier-Stokes equations.
∂q ∂τ
Here, q, h, E, F, R, S and Q are the primitive variable, the conservative variable, the x-direction flux vector, the y-direction flux vector, the x-direction viscous flux vector, the y-direction viscous flux vector, and source vector, respectively.
Here, p, T , t, τ, β, and q h denote the pressure, temperature, physical time, pseudo-time, artificial compressibility coefficient, and calorific power per unit time and unit mass, respectively. The variables u, v and w denote velocity elements. Re and Pr are the Reynolds number and Prandtl number, respectively.
2 Discretization
To solve the above equations, we use a second-order upwind scheme for convective terms, and a central difference scheme for viscous terms. Physical time integration is calculated using a second-order backward difference scheme. For pseudo-time integration, the lowerupper symmetric Gauss Seidel (LU-SGS) method (13) is employed.
Virtual Flux Method (VFM)
1 Outline of virtual flux method
In this study, the VFM proposed by the authors (8) was employed to calculate flow around arbitrary body shapes. As shown in Fig. 1 , virtual boundary points on which boundary conditions are imposed are provided on grid lines to describe body shapes. Figure 2 shows relationships between grid points, a virtual boundary point, and numerical fluxes on these points. If there is no virtual boundary point between the grid points (i, j) and (i+1, j), a derivative term is discretized on
where E (i+1/2, j) , A, and q r are the flux vector, flux Jacobian matrix defined as A = ∂E/∂q, and primitive variable estimated from the right-hand side of the grid point, respectively. If we consider a first-order upwind scheme for simplicity, q r and q l are defined as Now we place a virtual boundary point on which primitive variable can be explicitly calculated under boundary conditions between (i, j) and (i + 1, j). Since it is assumed that primitive variable change linearly between the virtual boundary point and (i, j), primitive variable, on (i + 1/2, j) on which numerical flux is calculated, are explicitly extrapolated or interpolated as
we are then able to calculate virtual flux vector E * (i+1/2, j) . Threfore, Eq. (6) is changed as
This procedure is applied to the y-direction derivatives and viscous terms.
2 Boundary conditions on virtual boundary points
In this section, boundary conditions on virtual boundary points are described. Because a no-slip condition is imposed on body surfaces, velocities on these points are fixed as (u,v) = (0,0). Pressures on these points are calculated under the Neumann condition (∂p/∂n = 0), which is an approximate pressure condition on body surfaces. Two boundary conditions are used regarding the temperature. If the temperature of body surfaces is constant, the temperature at these virtual boundary points is fixed at T vb = T wall . On the other hand, if thermal conductivity differs between inside and outside body surfaces, and if temperature is not constant at virtual boundary points during the timemarching calculation, the following boundary condition is employed. As shown in Fig. 3 , a virtual boundary point is placed between grid points e and w, where the distance between the virtual boundary point and e, and the distance between the virtual boundary point and w are denoted as h e , and h w , respectively. Also the thermal conductivities between the virtual boundary point and e, and between the point and w are denoted as k e , and k w , respectively. It is assumed in this study that heat flux coming from the left hand side of a control volume is equal to that coming from the right hand side of the control volume. Then, a steady-state heat conduction equation is obtained as Eq. (11). This equation is further discretized as Eq. (12) (14) . Figure 4 shows a computational domain. The results are obtained for 7 Reynolds numbers of 5, 10, 20, 40, 70, 150, and 200, where Reynolds number is defined by the velocity of the coming flow (U = 1), the diameter of a cylinder (D = 1) and the dynamic viscosity of a fluid, respectively. Since the flow fields were in the steady state when the Reynolds number was below 40 in this example, the governing equations were reduced to steady-state equations to achieve rapid convergence. The Prandtl number was set to be 0.717 because the working fluid was supposed to be air. The temperature of the cylinder surface was fixed at T wall = 1. For inlet boundary conditions, pressure was extrapolated, and both velocity and temperature were fixed at (u,v) = (1,0) and T = 0, respectively. For outlet boundary conditions, both velocity and temperature were extrapolated, and pressure was fixed at p = 1 when the flow field was in the steady state. When the flow field was in the unsteady state, pressure was calculated under the Sommerfeld radiation condition where convective velocity for this condition is fixed at that of free steam.
1 Forced convection flow around circular cylinder
The relationships between the Reynolds numbers and averaged Nusselt numbers of the cylinder surface obtained by the authors (8) and Abu-Hijleh (14) are shown in Fig. 5 . The result obtained by Abu-Hijleh was calculated by the stream function-vorticity method in steady-state form. If The VFM results were compared with the numerical result calculated by Xi et al. (15) using the SIMPLE method and boundary fitted coordinate, and with the experimental result obtained by Eckert and Soehngen (16) . Figure 6 shows a computational domain. Although the front area of the domain appears too small, a computational domain similar to that used by Xi et al. is used, so that a direct comparison with the results of Xi et al. can be made. The boundary conditions used in this calculation are the same as those mentioned in section 4.1. Figure 7 shows the time-averaged Nusselt number calculated from the result obtained by the VFM, that by Xi et al., and the experimental result obtained by Eckert and Soehngen. It is shown that the Nusselt number calculated by the VFM shows good agreement with both numerical and experimental results obtained by other researchers. Figure 9 shows that there is a good agreement of the Nusselt numbers at ∆x = 0.005D with those at ∆x = 0.01D. Although the grid spacing ∆x = 0.01D was 3-fold smaller than that of Xi et al., ∆x = 0.01D was chosen in this example because of its high accuracy and low computational cost.
4 Forced convection flow around pair of circular cylinders in staggered arrangement
A forced convection flow around a pair of cylinders in a staggered arrangement which are elementary models of heat exchangers were calculated. The Reynolds number was supposed to be 200 and the distance between the two cylinders was chosen from one-to five fold-the diameter of the cylinders (D). Other conditions were set to be the same as those mentioned in section 4.1. Figures 12-16 show the temperature fields for the distances 1D, 2D, 3D, 4D and 5D, respectively. When the cylinder distance is smaller than or equal to 3D (L ≤ 3D), since the wake of the front cylinder is stabilized by the rear cylinder, the wake of the front cylinder is in an almost steady state; however, that around the rear cylinder is in an unsteady state. On the other hand, when the cylinder distance is larger than or equal to 4D (L ≥ 4D), the distance is too large to reduce the unsteadiness of the wake of the front cylinder, so that the wake of the front cylinder and the flow around the rear cylinder shows a strong unsteadiness. Figure 17 shows the relationship between timeaveraged Nusselt numbers of the cylinders. Nusselt numbers become lower, with increasing cylinder distance. Although the Nusselt number of the front cylinder increases, that of the rear cylinder rapidly decreases when the cylinder distance is larger than 4D (L ≥ 4D). This phenomenon is explained by result shown in Figs. 12-16 . Because the wake behind the first cylinder becomes unsteady, the fluid heated by the first cylinder hits the rear cylinder so that the Nusselt number of the rear cylinder decreases. Figure 18 shows the relationship between timeaveraged drag coefficient and cylinder distance (L). The drag coefficients of both front and rear cylinders are almost the same except for the case in which the distance is 1D (L = 1D). This result suggests that the cylinder distance should be larger than 2D (L ≥ 2D).
The relationship between the summation of the Nusselt number and drag coefficient, and cylinder distance (L) is shown in Fig. 19 . When the distance is about 3D (L = 3D), the drag coefficient is small, and the Nusselt number is large. The drag coefficients at L = 4D and L = 5D are close; however, when the distance (L) is grater than or equal to 4D, the Nusselt number of the rear cylinder cannot be high for the reason mentioned earlier. Since the distance (L) should be small to keep heat exchangers small, pressure loss should also be minimized; the optimum distance (L) should be 2D to 3D in this example. in this example, we calculate a forced convection flow around a heated circular cylinder and heat conduction inside the cylinder. The calculation domain is shown in Fig. 4 . The Prandtl number of working fluid was set to be that of air; however, that of the cylinder body was set to be one-tenth that of working fluid. The heater was located at the center of the cylinder whose diameter was one-fifth the cylinder's diameter so that 316 grid points inside this area had a heat source (q h = 1.0). The Reynolds number was set to be 40, and other conditions were the same as those in the previous examples. Since the Reynolds number was 40, a steady-state flow and temperature fields both inside and outside the cylinder were achieved. Figures 20-22 show the velocity field, temperature field, and temperature distribution on the cylinder, respectively. Figure 20 suggests that since the velocity inside the cylinder is zero, the energy equation automatically and simultaneously becomes a simple heat conduction equation. Therefore heat conduction inside a solid circular cylinder is calculated by the VFM. Figures 21 and 22 show qualitatively acceptable results because the temperature of the front stagnation of the cylinder on which free stream hits is lower than that of other Since both flow field and temperature field reach the steady state, the heat generation by a heater inside the cylinder balances with the heat flux carried to the outlet by the working fluid. To calculate the quantity of heat transferred to the working fluid and carried outside the calculated domain, we obtained Eqs. (13) and (14) .
Here, q θ is the heat flux on the cylinder surface at θ (rad). ρ, c, n h , ∆x and ∆y denote the density, specific heat, number of heat sources, grid spacing in the x-direction, and grid spacing in the y-direction, respectively. In this example, the number of heat sources is 316, and the grid spacing in both the x-and y-directions near the cylinder is 0.01. The result obtained using Eqs. (13) and (14) are shown in Table 1 . In this Table, L.H.S. describes the result of the left-hand side of both equations (the quantity of heat transferred to the fluid or the quantity of heat carried outside the domain); similarly, R.H.S. describes the result Table 1 The amount of diffused heat from and added heat to the circular cylinder of the right-hand side of both equations (quantity of heat added by the heaters inside the cylinder). The errors between L.H.S and R.H.S in Eqs. (13) and (14) are 2.9% and 1.6%, respectively, so that both heat energies added by the heaters and transferred to the fluid are well balanced. This example suggests that the VFM can seamlessly calculate heat conduction inside solid bodies, heat transfer, and heat fluid flow.
Conclusion
The VFM was applied to the calculation of heat fluid flow and is proved to be a valid method for such a calculation of forced convection flow around circular cylinders. Both steady-and unsteady-state forced convection flows around cylinders show good agreement with other researcher's numerical and experimental results. A flow around a pair of cylinders in a staggered arrangement, which is an elementary model of heat exchangers, was calculated. This examples numerically shows that optimum length between two cylinders (L) is about L = 2D to 3D. From an example of seamless calculation, the VFM is proved successful for the calculation of heat fluid flow and heat conduction inside a solid circular cylinder body since the error between the quantity of heat produced by a heater and that transferred to the fluid is only 3%.
